The well known hypervirial perturbation method (HPM) based on hypervirial relations and the Hellmann-Feynman theorem is suitable for the calculation of perturbation corrections of large order for the twodimensional hydrogen-like atom in a uniform magnetic field. We show analytical results in terms of the quantum numbers and large order corrections for particular states. This approach appears to be simpler and more efficient than the recently proposed one based on Green functions.
Introduction
The two-dimensional hydrogen-like atom in a uniform magnetic field perpendicular to the atomic plane has received considerable attention as a model for excitons in thin materials such as nano-scale multilayer semiconductor systems. The Schrödinger equation is separable in polar coordinates and has been solved approximately in many different ways [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . Here we are interested in the application of perturbation theory that provides approximate solutions in terms of power series of the field strength that are suitable in the weak-field limit [3, 8, [10] [11] [12] [13] .
Several authors have obtained perturbation corrections of low order [3, 8, 10, 11, 13] but the most extended calculation was due to Szmytkowski [13] who solved the perturbation equations of first and second order by means of Green functions. His analytical results, which are valid for all quantum numbers, suggest that some of the earlier results [10] [11] [12] may be wrong. The Greenfunction method is a powerful approach that requires considerable ingenuity and mastery of the technique; however, it appears to be unsuitable for the calculation of perturbation corrections of larger order because it soon becomes rather intractable.
There are other strategies for the calculation of the perturbation corrections for simple quantum-mechanical models that are more efficient [14] and the purpose of this paper is to discuss one of them. Taking into account the interest in the two-dimensional hydrogen-like atom in a magnetic field and the discrepancy between earlier perturbation calculations, present analysis appears to be fully justified.
In section 2 we outline the model and derive a dimensionless eigenvalue equation for the radial part of the Schrödinger equation that is suitable for the application of perturbation theory. In section 3 we briefly develop the chosen perturbation technique and apply it to the model mentioned above. Finally, in section 4 we summarize the main results of the paper and draw conclusions.
Model
The model consists of a two-dimensional hydrogen-like atom in a uniform magnetic field perpendicular to the atomic plane. It may also represent the effectivemass equation for an electron-hole pair in the presence of a uniform magnetic field [1, 2] . For concreteness, in what follows we resort to the notation of Szmytkowski [13] in order to facilitate comparison of the results. In the case of a symmetric gauge the Schrödinger equation is separable in polar coordinates (0 ≤ r < ∞, 0 ≤ φ < 2π). If we write the eigenfunctions as
the radial part of the Schrödinger equation becomes [13] −h (2) where m and −e are the electron mass and charge, respectively, Ze is the charge of the spinless nucleus (clamped at the coordinate origin), l = |m l | and B is the field intensity. The bound-state solutions satisfy
Straightforward application of perturbation theory to equation (2) is cumbersome because one has to carry all the physical constants and model parameters through the whole algebraic process [13] . For this reason it is preferable to convert equation (2) into a dimensionless eigenvalue equation. To this end we define a dimensionless coordinate q = r/L, where
and equation (2) becomes
where
The unit of energy ish
and ehB 2m
If we define
enables us to compare present results with those of Szmytkowski [13] . By means of perturbation theory we easily obtain the coefficients of the perturbation series
When B = 0 (λ = 0) the problem is exactly solvable and the allowed energies are given by [13] 
where n r = 0, 1, . . . is the radial quantum number (number of zeroes of P (r)).
Following previous papers we also define n = n r + l + 1 that resembles the principal quantum number of the three-dimensional hydrogen atom.
The weak-field series (11) is divergent. If we define the new variable u = λ 1/4 q then the dimensionless operator H becomes
that clearly shows that we can also expand the eigenvalues in the strong-field
which has a finite radius of convergence.
Hypervirial perturbation method
One of the most efficient implementations of perturbation theory for separable problems is the hypervirial perturbation method (HPM) that combines the hypervirial relations and the Hellmann-Feynman theorem. If O is a linear operator then 
If
and
dq [14] then equation (15) becomes
On expanding the expectation values in a Taylor series
we obtain
In addition to this equation we also have
that comes from (18) with j = 1. It is assumed that
is a starting point for the recurrences.
In order to obtain the perturbation coefficients ǫ i and Q j,i we need an additional equation provided by the Hellmann-Feynman theorem (16)
The calculation is straightforward and for K = 2 (present case) we obtain 
It is worth noting that the HPM cannot be applied to the operator (13) 
Conclusions
The calculation of perturbation corrections of large order by means of Greens functions does not appear to be practicable. On the other hand, the HPM yields simple straightforward recurrence relations for the systematic calculation of the perturbation corrections to the energy and expectation values of powers of the coordinate. These recurrence relations are suitable for programming in available computer algebra systems which greatly facilitates the systematic calculation of those perturbation corrections to any desired order.
Present results agree with those of Szmytkowski [13] and not with those derived by other authors by means of the Levi-Civita transformation of the coordinates and the expression of the resulting two-dimensional Hamiltonian operator in terms of suitable creation-annihilation operators [10] [11] [12] . We have no doubt that their weak-field expansions do not agree with the actual ones. For example, the weak-field expansions derived by Hoang et al [12] are not correct because they come from approximate variational expressions for the energies.
However, it is worth mentioning that for sufficiently large field intensities they fit the actual eigenvalues more accurately than the exact weak-field expansions because the latter are divergent.
